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Abstract
We show that the recently discovered logarithmic terms in the soft graviton theorem induce
a late time component in the gravitational wave-form that falls off as inverse power of time,
producing a tail term to the linear memory effect.
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One of the reasons for recent interest in soft theorems is its connection to memory effect [1–4]
– the fact that a passing gravitational wave causes a permanent change in the distance between
two detectors placed in its path [5–8]. The connection between soft theorems and memory effect
usually proceeds via asymptotic symmetries [9–11] and has led to the prediction of new kind of
memory effect which is associated to the so-called super-rotation symmetries. [2]. In contrast,
in [12] we established a direct connection between soft factors that arise in soft theorems
and low frequency classical radiation in a classical process by taking the classical limit of the
quantum scattering process. This has the advantage of being valid in all space-time dimensions,
irrespective of whether or not soft theorems can be related to asymptotic symmetries. However
while applying this formula to four dimensions we encounter a new phenomenon: due to long
range force on the particles involved in the scattering, the soft factor at the subleading order
gets a contribution proportional to the logarithm of the energy of the soft radiation [13]. Our
goal in this paper will be to describe the observational signature of this logarithmic term in the
soft graviton theorem. We shall use ~ = c = 8πG = 1 units, although since we are analyzing
classical radiation, ~ never enters any formula.
The set up we shall investigate is a process in which a system of mass M , describing the
initial system, makes a transition into a system of mass M0 < M and some matter / radiation
that escapes the system. We shall work in the rest frame of the original system and assume for
simplicity that the total energy carried by the escaping matter / radiation is small compared
to the mass of the original system so that M0 ≃ M and the recoil velocity of the final system
is small.1 An example of this would be neutron star merger where large amount of matter is
ejected from the parent system but the total amount of energy lost is still small compared to the
mass of the system that remains behind. Another example would be binary black hole merger,
where the energy is carried away by gravitational radiation, but we shall see that the effects
we shall describe vanish in the case where only massless particles carry away the energy. Our
focus will be on the low frequency radiative component of the metric field hµν ≡ (gµν − ηµν)/2.
In [13] a formula for soft radiation was found in a situation where a light particle of mass
1In the analysis of [13] we had to make this assumption since there we ignored the contribution to the soft
factor due to the outgoing radiation and therefore had to assume that the energy carried away by radiation is
small compared to that carried by matter. Here that assumption is not necessary since we shall explicitly take
into account the contribution to the soft factor due to the outgoing radiation. Nevertheless the approximation
M0 ≃ M is needed to ensure that we can regard the final configuration at late time as a set of light particles
moving under the influence of the gravitational field of the stationary heavy object of mass M0, ignoring the
gravitational force exerted by the outgoing particles on each other. More general formula where this assumption
is not necessary can be derived using the general expression for the mutual gravitational force between particles
in relative motion [14].
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m scatters from a heavy particle of mass M0. Here light particle refers to a particle carrying
energy << M0. However since soft theorem expresses the result as independent sum over
initial and final states, the result can be easily generalized to the case where there are no light
particles in the initial state and multiple light particles in the final state. We shall now state
this result.
Let t0 ≃ |~x| + M0 ln |~x|/4π be the time at which the peak of the gravitational radiation
reaches the observer at ~x. For the radiative part of the trace reversed metric
e˜µν(ω, ~x) ≡
∫
dt eiω(t−t0) eµν(t, ~x), eµν(t, ~x) ≡
{
hµν(t, ~x)−
1
2
h ρρ (t, ~x) ηµν
}
, (1)
the result of [12, 13], when applied to the situation where we have light particles only in the
final state, can be stated as follows. Up to an overall constant phase that can be absorbed into
a shift of the time coordinate, we have2
e˜ij(ω, ~x) =
i
4π |~x|
e−iM0 ω lnω
−1/(4pi)
[∑
a
ma βai βaj
1
1− nˆ.~βa
1√
1− ~β2a
{
ω−1 + i Ca lnω
−1 + finite
}]
,
(2)
where ‘finite’ refers to terms that have finite ω → 0 limit, the sum over a runs over all the
light final states, ~βa is the velocity of the a-th light particle, ma is the mass of the a-th light
particle, and
Ca ≡ −M0
1− 3~β2a
8π|~βa|3
, nˆ ≡
~x
|~x|
, k ≡ −ω(1, nˆ) . (3)
The e˜0µ components are undetermined at this stage but can in principle be determined by
using the constraint kµe˜µν = 0 that follows from linearized Einstein’s equation. The result for
e˜µν is ambiguous up to the linearized gauge transformation δe˜µν = ζµkν + ζνkµ − ζ.k ηµν for
any four vector ζ .
We now define the transverse traceless component e˜TTij as
e˜TTij = e˜ij + ξi kj + ξj ki − ξ δij , (4)
2One word of caution may be added here. The general analysis of [12], on which this result is based, can
determine e˜ij up to an overall phase that could depend on the energy ω but not on the polarization of the
soft graviton. The phase given in (2) can be derived by comparing the general prediction of soft theorem with
an explicit computation of the radiation during the scattering of a light particle from.a heavy particle at large
impact parameter [13]. We are assuming that the same phase can be used in this case as well. Since soft
radiation comes from the domain where the light particles have moved sufficiently far away from the heavy
center, we expect this relation to be valid. This is also in keeping with the results of effective field theory
approach [15–17] where a similar phase has been found.
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where the three vector ξi and the scalar ξ are to be chosen such that
ki e˜TTij = 0, δ
ij e˜TTij = 0 . (5)
It is easy to see that e˜TTij is invariant under a gauge transformation. Using (2), (4) and (5) we
now get, after expanding the exponential factor in (2) to first subleading order,
e˜TTij (ω, ~x) =
i
4π |~x|
∑
a
{
ω−1 + i
(
Ca −
M0
4π
)
lnω−1 + finite
}
ma
1
1− nˆ.~βa
1√
1− ~β2a
(βaiβaj)
TT ,
(βaiβaj)
TT ≡
{
βai βaj − nˆ.~βa(nˆiβaj + nˆjβai) +
1
2
(
~β2a + (nˆ.
~βa)
2
)
nˆinˆj +
1
2
(
(nˆ.~βa)
2 − ~β2a
)
δij
}
.
(6)
The coefficient of lnω−1 proportional to Ca represents the effect of late time radiation from out-
going particles accelerating in the background gravitational field, while the term proportional
to M0/4π represents the effect of backscattering of the soft graviton due to the background
gravitational field [15–17].
Since (6) gives the small ω behavior of e˜TTij (ω, ~x), it encodes the behavior of its inverse
Fourier transform eTTij (t, ~x) at large time. We shall now explicitly find this behavior. Let us
suppose that eTTij has the following asymptotic behavior:
eTTij (t, ~x) ≃
{
0 for u→ −∞
Aij + u
−1Bij +O(u
−2) for u→∞
, u ≡ t− t0 , (7)
where we allow possible logarithmic multiplicative factors in the O(u−2) terms. As mentioned
earlier, t0 denotes the time when the peak of the gravitational wave reaches the observer at
~x, but the precise choice is not important since a finite shift will not affect the expansion
coefficients Aij and Bij . Since e
TT
ij (t, ~x) does not fall off as u→∞, the correct way to interpret
(1) is to write eiωu = (iω)−1 d
du
eiωu in the Fourier integral and carry out an integration by parts
ignoring boundary terms. This gives
e˜TTij (ω, ~x) = −
1
iω
∫
du eiωu ∂ue
TT
ij (t, ~x) . (8)
We now express this as
e˜TTij (ω, ~x) = −
1
iω
∫
du ∂ue
TT
ij (t, ~x)−
1
iω
∫
du
{
eiωu − 1
}
∂ue
TT
ij (t, ~x) . (9)
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The first term gives iω−1Aij . The second term can be estimated by dividing the integration
region to u << ǫ−1, ǫ−1 < u < η ω−1, η ω−1 < u < ω−1 and ω−1 < u < ∞ where ǫ and η
are two small but finite positive numbers. Since eiωu − 1 is bounded in magnitude by ωu and
since for large negative u eTTij (u, ~x) falls off fast, the contribution to e˜
TT
ij from the u < ǫ
−1
region remains finite in the ω → 0 limit. In the region ǫ−1 < u < η ω−1 we can approximate
eiωu − 1 as iωu and ∂ue
TT
ij by −Bij/u
2. Therefore the integral gets a contribution of order
Bij{lnω
−1 + ln(η ǫ)}. In the region η ω−1 < u < ω−1 we can use the results |eiωu − 1| ≤ ω u
and ∂ue
TT
ij ≃ −Bij/u
2 to argue that the integral is bounded in magnitude by ln(1/η). Finally
in the region u > ω−1 we can use the results |eiωu− 1| ≤ 2 and ∂ue
TT
ij ≃ −Bij/u
2 to show that
the integral is bounded in magnitude by 2Bij. Therefore by taking ǫ, η to be small but fixed,
we see that the leading contribution to the integral for small ω is given by
e˜TTij (ω, ~x) = i ω
−1Aij +Bij lnω
−1 + finite . (10)
Comparing (6) and (10), and using (3), we can determine the coefficients Aij and Bij :
Aij =
1
4π |~x|
∑
a
ma
1
1− nˆ.~βa
1√
1− ~β2a
(βaiβaj)
TT =
2G
|~x|
∑
a
ma
1
1− nˆ.~βa
1√
1− ~β2a
(βaiβaj)
TT ,
(11)
Bij =
M0
32π2 |~x|
∑
a
ma
1
1− nˆ.~βa
1√
1− ~β2a
1− 3~β2a + 2|
~βa|
3
|~βa|3
(βaiβaj)
TT
=
2G2M0
|~x|
∑
a
ma
1
1− nˆ.~βa
1√
1− ~β2a
1− 3~β2a + 2|
~βa|
3
|~βa|3
(βaiβaj)
TT , (12)
where in the last steps we have rewritten the result in terms of the Newton’s constant G = 1/8π.
If we consider the case where all the final states are massless / ultra-relativistic particles for
which |~βa| = 1, then we see from (12) that Bij vansihes. Therefore in this case there will be no
tail effect – showing that non-linear memory effect [18–22] has no tail term of order 1/u. This
shows that in order to realize the tail effect we need to focus on processes where some of the
final state light particles are massive, e.g. in the merger of two neutron stars. For small |~βa| the
tail term appears to dominate over the memory term, – in fact (12) gives the impression that
Bij diverges as |~βa| → 0. However we note that there is no real singularity in the |~βa| → 0 limit
since it will take a period of order GM0/|~βa|
3 for the kinetic energy ma~β
2
a/2 of the particles to
dominate the potential energy GM0ma/(|~βa|u) so that we can use the asymptotic formula for
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the particle trajectory used in deriving (2). After waiting for time u ∼ GM0/|~βa|
3 after the
peak of the gravitational wave has passed, the tail term Bij/u already becomes of the order of
the memory term Aij. It falls below the memory term as u increases further.
The tail effect has been discussed in various contexts e.g. in [24–31], and is presumably
related to the effect discussed here. Eqs. (7), (12) show that soft theorem provides a way to
express this in a compact form in terms of the velocity and mass distribution of the outgoing
particles.
Acknowledgement: We would like to thank P. Ajith, K.G. Arun, Luc Blanchet, Miguel
Campiglia, Thibault Damour, Bala Iyer, Ira Rothstein, Walter Goldberger and Biswajit Sahoo
for useful discussions. A.S. would like to thank the Abdus Salam International Centre for
Theoretical Physics for hospitality during the final stages of this work. A.L. would like to
thank International Center for Theoretical Sciences for their hospitality during the final stages
of the work. The work of A.S. was supported in part by the J. C. Bose fellowship of the
Department of Science and Technology, India.
References
[1] A. Strominger and A. Zhiboedov, “Gravitational Memory, BMS Supertranslations and
Soft Theorems,” JHEP 1601, 086 (2016) doi:10.1007/JHEP01(2016)086 [arXiv:1411.5745
[hep-th]].
[2] S. Pasterski, A. Strominger and A. Zhiboedov, “New Gravitational Memories,” JHEP
1612, 053 (2016) doi:10.1007/JHEP12(2016)053 [arXiv:1502.06120 [hep-th]].
[3] D. Kapec, V. Lysov, S. Pasterski and A. Strominger, “Higher-Dimensional Supertransla-
tions and Weinberg’s Soft Graviton Theorem,” Annals of Mathematical Sciences and Ap-
plications, Volume 2 (2017), pp 69-94 doi:10.4310/AMSA.2017.v2.n1.a2 [arXiv:1502.07644
[gr-qc]].
[4] M. Pate, A. M. Raclariu and A. Strominger, “Gravitational Memory in Higher Dimen-
sions,” arXiv:1712.01204 [hep-th].
[5] Ya. B. Zeldovich and A. G. Polnarev, Sov. Astron. 18, 17 (1974)
[6] V. B. Braginsky and L. P. Grishchuk, “Kinematic Resonance and Memory Effect in Free
Mass Gravitational Antennas,” Sov. Phys. JETP 62, 427 (1985), [Zh. Eksp. Teor. Fiz.
89, 744 (1985)].
6
[7] V. B. Braginsky, K. S. Thorne, “Gravitational-wave bursts with memory and experi-
mental prospects,” Nature 327.6118, 123-125 (1987).
[8] M. Ludvigsen, “Geodesic Deviation At Null Infinity And The Physical Effects Of Very
Long Wave Gravitational Radiation,” Gen. Rel. Grav. 21, 1205 (1989).
[9] A. Strominger, “On BMS Invariance of Gravitational Scattering,” JHEP 1407, 152 (2014)
doi:10.1007/JHEP07(2014)152 [arXiv:1312.2229 [hep-th]].
[10] T. He, V. Lysov, P. Mitra and A. Strominger, “BMS supertranslations and Wein-
bergs soft graviton theorem,” JHEP 1505, 151 (2015) doi:10.1007/JHEP05(2015)151
[arXiv:1401.7026 [hep-th]].
[11] M. Campiglia and A. Laddha, “Asymptotic symmetries and subleading soft graviton
theorem,” Phys. Rev. D 90, no. 12, 124028 (2014) doi:10.1103/PhysRevD.90.124028
[arXiv:1408.2228 [hep-th]].
[12] A. Laddha and A. Sen, “Gravity Waves from Soft Theorem in General Dimensions,”
arXiv:1801.07719 [hep-th].
[13] A. Laddha and A. Sen, “Logarithmic Terms in the Soft Expansion in Four Dimensions,”
arXiv:1804.09193 [hep-th].
[14] B. Sahoo and A. Sen, “Classical and Quantum Results on Logarithmic Terms in the Soft
Theorem in Four Dimensions,” arXiv:1808.03288 [hep-th].
[15] W. D. Goldberger and A. Ross, “Gravitational radiative corrections from effective field the-
ory,” Phys. Rev. D 81, 124015 (2010) doi:10.1103/PhysRevD.81.124015 [arXiv:0912.4254
[gr-qc]].
[16] R. A. Porto, A. Ross and I. Z. Rothstein, “Spin induced multipole moments for the
gravitational wave amplitude from binary inspirals to 2.5 Post-Newtonian order,” JCAP
1209, 028 (2012) doi:10.1088/1475-7516/2012/09/028 [arXiv:1203.2962 [gr-qc]].
[17] W. D. Goldberger, A. Ross and I. Z. Rothstein, “Black hole mass dynamics
and renormalization group evolution,” Phys. Rev. D 89, no. 12, 124033 (2014)
doi:10.1103/PhysRevD.89.124033 [arXiv:1211.6095 [hep-th]].
[18] D. Christodoulou, “Nonlinear nature of gravitation and gravitational wave experiments,”
Phys. Rev. Lett. 67, 1486 (1991). doi:10.1103/PhysRevLett.67.1486
[19] K. S. Thorne, “Gravitational-wave bursts with memory: The Christodoulou effect,” Phys.
Rev. D 45, no. 2, 520 (1992). doi:10.1103/PhysRevD.45.520
7
[20] M. Favata, “The gravitational-wave memory effect,” Class. Quant. Grav. 27, 084036
(2010) doi:10.1088/0264-9381/27/8/084036 [arXiv:1003.3486 [gr-qc]].
[21] A. Tolish and R. M. Wald, “Retarded Fields of Null Particles and the Memory Effect,”
Phys. Rev. D 89, no. 6, 064008 (2014) doi:10.1103/PhysRevD.89.064008 [arXiv:1401.5831
[gr-qc]].
[22] L. Bieri and D. Garfinkle, “Perturbative and gauge invariant treatment of gravitational
wave memory,” Phys. Rev. D 89, no. 8, 084039 (2014) doi:10.1103/PhysRevD.89.084039
[arXiv:1312.6871 [gr-qc]].
[23] B. P. Abbott et al. [LIGO Scientific and Virgo Collaborations], “Observation of Gravi-
tational Waves from a Binary Black Hole Merger,” Phys. Rev. Lett. 116, no. 6, 061102
(2016) doi:10.1103/PhysRevLett.116.061102 [arXiv:1602.03837 [gr-qc]].
[24] L. Blanchet and T. Damour, “Hereditary effects in gravitational radiation,” Phys. Rev. D
46, 4304 (1992). doi:10.1103/PhysRevD.46.4304
[25] L. Blanchet and T. Damour, “Postnewtonian Generation of Gravitational Waves,” Ann.
Inst. H. Poincare Phys. Theor. 50, 377 (1989).
[26] L. Blanchet and G. Schaefer, “Gravitational wave tails and binary star systems,” Class.
Quant. Grav. 10, 2699 (1993). doi:10.1088/0264-9381/10/12/026
[27] L. Blanchet, “Gravitational wave tails of tails,” Class. Quant. Grav. 15, 113 (1998)
Erratum: [Class. Quant. Grav. 22, 3381 (2005)] doi:10.1088/0264-9381/15/1/009
[gr-qc/9710038].
[28] M. Favata, “Post-Newtonian corrections to the gravitational-wave memory for
quasi-circular, inspiralling compact binaries,” Phys. Rev. D 80, 024002 (2009)
doi:10.1103/PhysRevD.80.024002 [arXiv:0812.0069 [gr-qc]].
[29] M. Favata, “Nonlinear gravitational-wave memory from binary black hole mergers,” As-
trophys. J. 696, L159 (2009) doi:10.1088/0004-637X/696/2/L159 [arXiv:0902.3660 [astro-
ph.SR]].
[30] D. Pollney and C. Reisswig, “Gravitational memory in binary black hole mergers,” As-
trophys. J. 732, L13 (2011) doi:10.1088/2041-8205/732/1/L13 [arXiv:1004.4209 [gr-qc]].
[31] L. Blanchet and A. Le Tiec, “First Law of Compact Binary Mechanics with Gravitational-
Wave Tails,” Class. Quant. Grav. 34, no. 16, 164001 (2017) doi:10.1088/1361-6382/aa79d7
[arXiv:1702.06839 [gr-qc]].
8
